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Abstract 



In this paper we study the geometry of first time singularities of the mean 
curvature flow. By the curvature pinching estimate of Huisken and Sinestrari, 
we prove that a mean curvature flow of hypersurfaces in the Euclidean space 
R n+1 with positive mean curvature is K-noncollapsing, and a blow-up sequence 
converges locally smoothly along a subsequence to a smooth, convex blow-up 
solution. As a consequence we obtain a local Harnack inequality for the mean 
convex flow. 

1 Introduction 

In this paper we are concerned with the geometry of the first time singularities 
of the mean curvature flow of closed, smooth hypersurfaces in the Euclidean space 
M n+1 . The singularity profile has been studied by many authors [5,8-13,15,21,22], but 
in general it can be extremely complicated. For example an open problem is whether 
for any k > 1, there is a self-similar toric solution of genus k in M 3 . Therefore as in 
[8-13, 21,22], we restrict to the mean curvature flow of hypersurfaces with positive 
mean curvature, namely the mean convex flow. 

For the mean convex flow, Huisken and Sinestrari [11,12] proved the following 
crucial one-side curvature pinching estimate, namely at any point up to the first time 
singularity, 



where Ai < • • • < A n are the principal curvatures and (p is a nonnegative function 
depending on the initial hypersurface and satisfying ip(t)/t — > as t — > oo. This 
estimate corresponds to a one-side curvature pinching estimate of Hamilton and Ivey 
(see [6]) for the Ricci flow of 3-manifolds. By estimate (1.1) and Hamilton's Harnack 
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inequality [7], Huisken and Sinestrari proved that the blow-up sequence at the maxi- 
mal mean curvature points of type II singularities converges along a subsequence to 
a convex translating solution. 

In this paper we study the asymptotic behavior of general blow-up sequences. 
First we prove (see §3 for terminology and notation). 

Theorem 1.1. Let T = {F t }te[o,T) be a smooth, mean convex flow of closed hy- 
persurface in M, n+1 , n > 2, with first singular time T. Then any blow-up sequence 
T k = at the first time singularity sub-converges locally smoothly to a convex 

solution T' = {F/} t6 (_ 00iT /) ; where < T' < +oo. 

The local smooth convergence means for any R > 0, T k H Qr converges in the C 3 
topology, where Qr denotes the parabolic cube in spacetime. 

We then prove the K-noncollapsing. By our definition in §3, the /t-noncollapsing 
means a pinching of the solution by a sphere from inside. Recall that (1.1) then 
means a pinching from outside. 

Theorem 1.2. Let T = {F t } te [ ^ be a smooth, mean convex flow of closed hyper- 
surface in M, n+1 , n > 2. Then T is n-noncollapsing up to the first singular time T , 
for some constant k > depending only on n and the initial surface F Q . 

Note that the K-noncollapsing is invariant under dilation. Hence Theorem 1.2 
implies a blow-up sequence at any points in the flow T is /t-noncollapsing with the 
same n. By the convexity of blow-up solutions, we can improve Theorem 1.2 to 

Theorem 1.3. There exists a constant k* > depending only on n, such that 
any normalized limit flow to any given mean convex flow in M n+1 at the first time 
singularities is k* -noncollapsing . 

The normalized condition in Theorem 1.3 is only to exclude hyperplane as limit 
flows. Theorem 1.3 can be applied to mean curvature flow with surgeries. To prove 
Theorem 1.2, we show that a pair of hyperplanes, including a multiplicity two plane, 
cannot be a blow-up solution. From Theorem 1.2, we have 

Corollary 1.1 The grim reaper is not blow-up solution. 

Here the grim reaper is the translating solution determined by hypersurface {x e 
M n+1 : x n+ i = — log cos Xi}, which is the product of M n_1 with the curve x n+ i = 
— log cos X\ in a 2-plane. 

Corollary 1.2 The set of normalized blow-up solutions is compact. 



2 



By our definition in §3, the mean curvature of a normalized blow-up solution 
is equal to f at the origin in space time. Hence by Theorem 1.1, a hyperplane is 
not a normalized blow-up solution. If one includes hyperplanes as blow-up solutions 
(at regular points), then the set of all blow-up solutions whose mean curvature is 
uniformly bounded by a positive constant is compact. 

From Theorems 1.1 and 1.2, we have a local Harnack inequality. 

Corollary 1.3 Let T = {F t } t< z[ 0t T) be a mean convex flow. Then for any R > 0, 
there exists 5 > 0, depending only on n,R, and the initial condition F , such that for 
any point p = (x ,t ) G T at which the mean curvature is greater than 5" 1 , and any 
point q G T in the parabolic cube Qr/h(p), we have 

5H(q) < H(p) < 5- l H{q), (1.2) 

where H is the mean curvature at p. 

Note that if one can prove the local Harnack inequality first, by the curvature 
pinching estimate (1.1), one obtains immediately Theorems 1.1 and 1.2. 

Theorem 1.1 asserts that every blow-up solution is convex. But to understand the 
geometry of the singularities more precisely, we wish to classify all blow-up solutions, 
or more generally all ancient convex solutions, as a blow-up solution must be ancient. 
The study of ancient convex solutions was carried out by the second author in [20]. 
The following results have been obtained: 

(a) A blow-up translating solution in R 3 is rotationally symmetric. 

(b) There exists non-rotationally symmetric translating solution in R n+1 for n > 2. 

(c) The blow-down of a blow-up solution is a shrinking sphere or cylinder. 

(d) Let T = {F t }te[o,T) be a smooth, mean convex flow of closed surface in M 3 . 
Then at any point x G F to with large mean curvature, the surface F to is, after 
normalization, very close to either a cylinder or a convex cap. 

Part (d) can be restated as follows: For any e > 0, R > 1, there exists r £:R > 1 
such that for any normalized blow-up solution T' = {F[\ in IR 3 , there is a compact 
set G C Fg with diameter < r £tR) such that for any p G Fq\G, the component 
~B R / H (p) n Fq is, after normalization, in the e- neighborhood of the cylinder 5 1 x R 1 , 
where H is the mean curvature of Fq at p. 

The above results show that the singularity profile of mean convex flow is in 
line with those of Perelman for the Ricci flow of 3-manifolds [17]. In particular our 
results for mean convex flow in M 3 correspond to those for the Ricci flow, therefore 
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it is conceivable that one can carry out surgeries as in [13]. We will not get into 
details in this direction. We point out that the idea of our proof is different from 
that of Perelman. Perelman needs to prove the K-noncollapsing and classify ancient 
K-noncollapsing solutions before he obtains the local smooth convergence of blow-up 
sequences. We use the curvature pinching estimate (1.1) and some basic estimates of 
parabolic equations to prove the smooth convergence (Theorem 1.1) first, and then 
use it to obtain other results. 

Some related results have been obtained in a recent paper [13] , in which Huisken 
and Sinestrari studied the mean curvature flow with surgeries in M ra+1 . They proved 
that when n > 3 and the sum of the least two principal curvatures Ai and A2 is 
positive, a blow-up sequence sub-converges locally smoothly to a convex blow-up 
solution and every blow-up solution is very close to a canonical one. 

In an earlier work [21] (§12), prior to Perelman's paper [17], White proved that 
the grim reaper and a multiplicity two plane cannot be blow-up solutions, which was 
used in [22] to prove that a blow-up sequence sub-converges locally smoothly to a 
convex blow-up solution. Therefore Theorems 1.1 and 1.2 belong to White [21, 22]. 
His proof contains many novel ideas but nevertheless is very involved. It uses various 
results in geometric measure theory and minimal surface theory. It is difficult for a 
reader without background in these areas to understand. 

Most recently, Ben Andrews discovered a direct geometric proof of the /t-noncollapsing, 
which, together with (1.1), also implies the smooth convergence to a convex solution 
in Theorem 1.1. There are many other interesting geometric flows in Euclidean space 
or Riemannian manifolds. Different methods may apply to different situations. Our 
argument may apply to curvature flows of hypersurfaces provided one can establish 
a similar one-side curvature pinching estimate as (1.1) and related interior a priori 
estimates. 

This paper is arranged as follows. We include in §2 some preliminaries. In §3 
we introduce the terminology and notation. In §4 we prove the convexity of limit 
flows. In §5 we prove that a semi-noncollapsing blow-up sequence converges locally 
smoothly to a limit flow. In §6 we prove any blow-up sequence is semi-noncollapsing. 
The proof of Theorems 1.1-1.3 is finished in §7. Finally in §8 we discuss tangent flows. 

The authors would like to thank Shizhong Du and Oliver Schnurer for carefully 
reading this paper and their helpful comments. 
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2 Preliminaries 



A time-dependent, smooth embedding F t = F(-,t): M. — > R n+1 , where t G [0,T), is 
a solution to the mean curvature flow if 

^F(p,t) = H-u, P eM, te[0,T), (2.1) 

where H is the mean curvature, v is the unit inward normal. When F t (Ai) is locally 
a graph, we have the parabolic equation 

du r. , „ ,2 / Du 



dt 



— = a/1 + |£><div(^^=). (2.2) 



\/l + \Du 



It is well known that the mean curvature H satisfies the equation [8] 

f)T-f 

= AH + H\A\ 2 . (2.3) 

at 

Since F (M) is a closed hypersurface, it follows that if H > at t — 0, then H > 
at t > 0. From (2.3) we also see that if u is a solution of (2.2) in Q n r := B™(0) x [0, r 2 ] 
with < H < C, then we have the Harnack inequality #(0, r 2 ) > Ci sup iJ, where 
the sup is taken in the domain B™y 2 (0) x [|r 2 , |r 2 ]. In particular if H(0,r 2 ) = 0, then 
i7 = in Q™, and -u is a linear function by (2.4) below. 

For a mean convex flow JF, we also have the estimate for the second fundamental 
form A, 

\A\ 2 < CH 2 (2.4) 

for some constant C depending on n and Fq. Indeed, (2.4) follows from the following 
equation [10], 

|(^) = A (^) + §<v#, v(!^)> - |^v^ fc - v.ij • h lk \ 2 . 

For the mean curvature flow of graphs, we have the interior gradient and second 
derivative estimates. That is if u is a smooth solution to (2.2) in Q™, then for < 

t <r 2 , 

\Du\(0,t) <exp(C 1 + C 2 M 2 (\ + \)), (2.5) 

1 1, 



\D 2 u\(0,t) < C 3 (l + sup Q n\Du\\^ + ^)), (2.6) 
where M = supQn \u\, C\,Ci depend only on n, and C3 depends on n and M. 
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Estimates (2.5) and (2.6) were established in [5]. The estimate (2.5) in [5] also 
depends on the Lipschitz continuity of the initial condition. But by choosing the 
auxiliary function 

G(x f , t, f ) = tp(x')(p(u) \oguz(x', t) 

as in [19], where x' = (x±, • • • , x n ) (see notation in §3), p(x') = 1 — \x'\ 2 /r 2 is a cut-off 
function, (p(u) = 1 + u/M, one obtains (2.5) by the computation in [19]. 

3 Terminology and notation 

First we recall the terminology in [21]. Let T = {F t } te \o^ be a mean convex flow, 
which develops first time singularity at time T. For any sequences pk = (xk,tk) G T 
and a k -> oo, let T k = V a ^ Vk {T), where 

V a k , Pk ■ (x,t) -> (a k (x-x k ),a 2 k (t-t k )), (3.1) 

namely one first makes a translation such that p k = (xk,t k ) becomes the origin in 
space-time, and then make a parabolic dilation of scale a k - We get a blow-up sequence 
T k . If cifc = H(xk,tk) is the mean curvature of T at (xk,tk), we call T k a normalized 
blow-up sequence at (x k ,tk). Note that for a normalized blow-up sequence, (x k ,tk) 
must converges to a singular point (due to the assumption a k — > oo). 

If T k converges locally smoothly (i.e. smoothly in any compact set) to a mean 
curvature flow T\ we say T' is a limit flow, or a blow-up solution. If T k is a normalized 
blow-up sequence, the limit flow (blow-up solution) is accordingly called normalized. 

Tangent flow. A limit flow is called tangent flow if the sequence (x k ,tk) = (xo,to) 
is a fixed point. 

Ancient solution. A solution to the mean curvature flow is ancient if it exists from 
time t = — oo. 

Eternal solution. A solution to the mean curvature flow is eternal if it exists for 
time t from — oo to oo. 

Collapsing. A blow-up sequence T k is collapsing if there is no ball B r (xo) contained 
in U k (for some x and any t < 0) for infinitely many fc's (see notation below). 

Semi-noncollapsing. A blow-up sequence T k is semi-noncollapsing if there is ball 
B r (a;o) and a time to such that B r (a;o) C Uj° for infinitely many fc's. 

K-noncollapsing. For any point (x, t) e T ', we say T is /t-noncollapsing at (re, t) € 
JF if r X;t H(x,t) > k, where k > is a constant, H(x,t) is the mean curvature of T 
at (x, t), and 

r Xjt = sup{p : B p (2;) C C/ t and |z - x| = p}. (3.2) 
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(r X) t is the radius of the largest ball which is contained in U t and tangential to F t at 
x). We say T is /t-noncollapsing if it is /t-noncollapsing at any point before the first 
time singularity. 

The grim reaper. It is the translating solution given by x n+ \ = — log cos x\ (it is 
the product of a curve with M™^ 1 ). 

Remark 3.1. 

(i) By (3.1), the point (0,0) always belongs to T k for all k, and also belongs to the 
limit flow T' if it exists. Moreover, the mean curvature of a normalized blow-up 
sequence T k is equal to 1 at (0,0). 

(ii) A limit flow is an ancient flow. 

(iii) The /t-noncollapsing is invariant under translation and dilation of coordinates. 
Hence if T is K-noncollapsing, so is any blow-up sequence with the same k. 

(iv) We always have k < n. 

(v) It is easy to verify that r x>t depends continuously on (x, t) and T . Namely if T k 
converges locally smoothly to J 7 ', and T k 3 (x k ,t k ) — * (x ,t ) G J 7 , then we have 
r x k ,tk[F k ] _> r xo,u>[F'\-> where r x ^ tk \T k \ is the radius in (3.2) relative to T k . 

(vi) A semi-noncollapsing blow-up sequence may contain a collapsing component, but 
we will rule out the case in §5 (Remark 5.1). Also a collapsing blow-up sequence may 
contain two or more collapsing components. 

Notation: 

M.: an oriented, compact n-dimensional differential manifold without boundary. 

T = {F t } t( zi ^T)- smooth solution to the mean curvature flow with initial condition 

F , on a maximal time interval [0, T) for some T G (0, oo]. 

F t = F(-, t) (0 < t < T): a smooth embedding of M in R n+1 . 

F t : we also use F t to denote the hypersurface F t (M), and F = F t \ t=Q . 

U t : the open domain enclosed by F t (M), U = U t \ t =o, and U = {U t } t e[o,T)- 

U t : closure of U t ,U t = U t U dU t . 

M r (x) = Mi n+1 \x): the ball in R n+1 of radius r with center at x. 
B™(x'): the ball in M. n of radius r with center at x'. 
Q r (xo,to): the parabolic cube B r (a;o) x {to — ^ 2 ,^o] m spacetime. 
| • \ k- dimensional Hausdorff measure. 

For a blow-up sequence T k = {F k } (or a limit flow T' = {FJ.}), we denote 
accordingly by U k (or U' t ) the open set enclosed by F k (or F/). 

In this paper, we use x = (xi,x 2 ■ ■ ■ ,x n+ i) to denote a point in IR n+1 , and use 
x' — (x±, X2 ■ • • , x n ) to denote a point in R™. 
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4 Convexity of limit flow 



Lemma 4.1. // a blow-up sequence T k converges locally smoothly to a limit flow T' , 
then T' is convex, namely U' t is convex whenever it is nonempty. 

Proof. For any time to such that U' t is not empty, it suffices to prove that for any 
two interior points zq, Z\ G UL, the line segment 'zqz 1 lies in U' t . 

By a proper translation and rotation of coordinates, we assume that zq = (0, • • • ,0,1) 
and z\ = (0, • • • ,0,-1). Since zq, z\ are interior points of C/ t ' , there exists small 5 > 
such that B 4< 5(z ), B 4< 5(zi) C U' t . Denote 

n = {x G K n+1 : YIl =x x\ < 5 2 (1 + x 2 n+1 ), -1 < x n+1 < 1}. 

Since the initial hypersurface F is smooth and mean convex, the singularity set is 
strictly contained in the domain enclosed by Fq. Hence Q C Iff* for any large k, 
provided —t is sufficiently large. If the line segment 1oz 1 is not contained in U]. , we 
decrease t to a moment i —tk such that Ocf/j but dQ contacts with the boundary 
of at some point z*, namely 

t = sup{s : fiC^VK s}. (4.1) 

Since B 45 (z ), B 4<5 (zi) C U' to , we have z* e dVLf]{ — 1 < x n+1 < 1}. Let A and A be the 
least and largest principal curvatures of F^ at this point. By comparing the principal 
curvatures of <9f2 and Ff o , we have A < — \8 and A < 45" 1 . Hence the mean curvature 
H < C5~ l by (2.4). Applying these estimates to the curvature pinching (1.1) we 
obtain — 5ak > — (p(C5~ 1 a k ). Note that 5 > is fixed, a k — > oo, and (p(t)/t — > as 
t — > oo, we reach a contradiction. □ 

The above proof is inspired by an idea in [22] (pages 130-131, [22]). We made 
some changes to make use of the curvature pinching estimate (1.1). Note that the 
curvature pinching estimate in [11, 12] is written in a different way, but it is easy to 
see that it implies (1.1). 

5 Smooth convergence 

We prove a local curvature estimate (5.3), from which it follows the smooth conver- 
gence of a semi-noncollapsing blow-up sequence. 

Given constants 5,d G (0, 1], we say a mean convex flow T has property Pg d at a 
point p = (x , t ) G T if (a) below is satisfied; and T has property Pg% at p if both 
(a) and (b) are satisfied; where 
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(a) 3 y G R n+1 s.t. \x - y \ = d, M Sd (y ) C U to , and the line segment x y C U to ; 

(b) F t fl B 10(i (xo) C Ns d / 32 (r t ) for some convex hypersurface r t , V t G (to — (<5<i) 2 , t ], 
where iV^ denotes the ^-neighborhood. 

Assume T has property Pg d at po- Choose a coordinate system such that xq is 
the origin and y — (0, • • • , 0, d). Then r t fl {\x'\ < y} is the graph of a Lipschitz 
continuous, convex function tp(-,t) defined in B^ d , 2 (0), t G (to — (8d) 2 ,to\. 

Claim: \ip(x',t)\ < 8d for any x' G B£ d/2 (0) and t G (t - {5d/8) 2 ,t ]. 

Indeed, by assumption (a) we have (p(-,t) < din B^ 2 (0), for any t G (t — (^) 2 , t ]. 
Since the origin G J 7 ^, by the convexity of (p we have </?(-, to) > — 2rf. For t G 
(t — (^) 2 ,to], noting that JF is a mean convex flow, by assumption (b) we see that 
up to a small perturbation, ^(-,t) is increasing in t. If <p(;t - (f ) 2 ) < -8d at 
some point in B£ d/2 (0), by convexity we have </?(•, t - (y) 2 ) < -3d in B^ /4 (0). A 
simple application of the comparison principle for the mean curvature flow implies 
that f(0,to) < — d, which is in contradiction with (b). The Claim is proved. 

Suppose F t fl Ba^ (0) is also a graph of a function w(-,t) for t G (to — (y) 2 )to]- 
By the interior gradient estimate (2.5), we have 

\D x ,u(x',t)\<C' s , n (5.1) 

for \x'\ < 5d/A and t G (t — (ff) 2 ,to]- (For application to a blow-up sequence below, 
we don't need to use the interior gradient estimate (2.5) to get (5.1). Indeed, by 
Lemma 5.1 and the smooth convergence in the proof of Lemma 5.2, the estimate 
(5.1) follows from the Lipschitz continuity of the convex function tp). Hence by the 
interior estimate (2.6), we have 

A^(0) < C'lJd, (5.2) 

where Ajr(p) = |Ai(p)| + - • •+|A„(p)|, and Ai(p), • • • , \ n {p) are the principal curvatures 
of F t at x, p — (x,t) G T . The constants C' 5n and Cg n depend only on S and n but 
are independent of d, which can be easily seen by making the dilation x — > x/d. 

Next we prove a technical lemma. Denote C XQ: s = {x G R™ +1 : x = x + t(y — 
Xo), t G (0, 1), y G Ba(0)} an open round cone with vertex at Xq. 

Lemma 5.1. Let U be an open set in W a+1 with smooth boundary F. Suppose 
B r (0) C U C Bi?(0). Then 3 e > 0, depending only on n,r,R, such that the following 
conclusion holds: If at any point x G F with C X0jr / 4 C U , the principal curvatures of 
F > —e, then C X0jr / 2 C U for all x G F. 

Proof. If the lemma is not true, assume inf{|x| : x G F : C x , r / 2 <t- U} is attained 
at x . Let P be the two-dimensional plane determined by 0, xq, and u, where v is 
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the normal of F at Xq. Let £ be the intersection of P with F. Then the tangent 
line of £ at Xq is also tangential to <9B r / 2 (0), and a tangent plane of F at x$ is also a 
tangent plane of <9B r / 2 (0). Let us parameterize £ = {x(s) : s > 0} by its arclength, 
starting at Xq, and let a(s) = \x(s)\. Then when s > small, a is decreasing in s. 
Let [0, so] be the maximal interval in which a(s) < a(0). By our choice of xo, we 
have C x ( 8 ),r/2 C U for all s G (0, s ]. Hence by assumption, the principal curvatures 
of F at x(s) > —e. Since C x ( s ) )T ./2 C £/, we have (i'(s), — x(s)) > Co > 0, where v(s) is 
the normal of F at x(s). Hence the curvature of the curve £ > —Ce. When e > is 
sufficiently small, the curve £ must intersect with the ball B r (0) (as the tangent line 
of £ at xo is tangential to <9B r / 2 (0)), which is in contradiction with the assumption 
U D B r (0). □ 

When the condition U C B^(0) is dropped, we consider the set U fl B^(0). By 
approximation we have 

Lemma 5.1'. Let U be an open set in IR n+1 with smooth boundary F . Suppose B r (0) C 
U. Then 3 e > 0, depending only on n, r, R, such that the following conclusion holds: 
If at any point x Q G F with \xq\ < R and C X0tr /4 C U , the principal curvatures of F 
> —e, then C X(ur /2 C U for any x G F with \xq\ < R. 

Lemma 5.1 (and 5.1') implies that for any given R > 0, there is a component of 
F fl Bft(0) which can be represented as a Lipschitz continuous radial graph over the 
unit sphere, and there is no other components inside this component. We call this 
component the noncollapsing component of T . 

Let T k be a blow-up sequence. Assume Uq contains a common ball M r (y ) for all 
large k. We fix a small 5 > such that T k has the property P$ d at the origin for 
some d < 1. Note that for any smooth mean curvature flow T and any p G J 7 , T 
has property Pg d at p with 5 — > 1 as d — > 0. Hence for any p G J rk , we can assign a 
constant d = > such that T k has the property Pg d at p. We have freedom in 
choosing the value of d^ p but we can choose the largest d G (0, 1] such that T k has 
the property Pg d at p. Then for fixed k, dk, p is upper semi continuous in p, namely 

Lemma 5.2. At any point p = (x, t) G T k , the principal curvatures of F k at x satisfy 

AMx,t)<2C'lJd k , p , (5.3) 

provided k is sufficiently large. 
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Proof. If the lemma is not true, let 

t k = sup{t' : AMP) < WlJdkj,, v = {x, t) G T k , V x G F k , t < t'}. 

For any given k, since d k , p is upper semi-continuous in p and T k is a smooth mean 
curvature flow, there exists a point pk = (xk,tk) G T k such that 

Ark(p k )>2C'lJd k j ik , (5.4) 
(p) < 2C'lJd k , p y p — (x,t) G with * < 4. (5.5) 

Let jF fc = V~ ah ^ h {T k ), where = d^" ~ and "D is the dilation in (3.1). Then for any 
point p = (x,t) G T k with t < 0, the principal curvatures of jF fc satisfy A^ k (x, t) < 
2Cg n /dk, p , where d k , p G (0, 1] is the largest constant such that T k has the property 
Pfr at p. By our definition, dk v — 1 at p — (0,0). Hence there is a ball B^(y) 
contained in the interior of for all t < 0. 

Now we apply Lemma 5.1 to with the ball B r (0) in Lemma 5.1 replaced by 
^s/s(y)- Note that the condition Pg d is weaker than the cone condition in Lemma 5.1. 
By (5.5) and the curvature pinching estimate (1.1), at any point p = (x,t) G T k with 
t < 0, the principal curvatures of T k > —e with £ — > as k — > oo. Hence by Lemma 
5.1, -F t fc flB^(0) is a Lipschitz continuous radial graph (with respect to y) when t < 0. 
Therefore sub-converges locally smoothly to a limit flow which is convex by 
Lemma 4.1. Hence when is sufficiently large, satisfies the conditions (a) and 
(b) above. Sending t / we obtain by (5.2) the curvature estimate A^ fc (0) < Cg n , 
which is in contradiction with (5.4). □ 

From estimate (5.3) and Lemma 5.1, we see that F^ flB^(O) is a Lipschitz contin- 
uous radial graph (with respect to some point) for t G (-R 2 , 0]. Therefore we obtain 
the following local smooth convergence. 

Corollary 5.1. If a blow-up sequence T k is semi-collapsing, then the noncollapsing 
component of T k sub-converges locally smoothly to a convex limit flow. 

Remark 5.1. To conclude that T k itself converges locally smoothly, we need to 
rule out the possibility that T k contains two or more components, one is the semi- 
noncollapsing component and the others are collapsing (the argument in §4 implies 
that a blow-up sequence cannot contain two or more semi-noncollapsing components). 

Let po = (xo,to) be a point inside the collapsing component (we need to translate 
T k slightly such that the collapsing component of T k share a common point p for all 
k), and let B 2r (pi) be a ball in Uq (we assume without loss of generality that U' Q ^ 0). 
Let C = {q = tpo + (1 — t)p : t G (0, 1), p G B r (pi)} be a convex cone with vertex at 
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Pq. As in the proof of Lemma 4.1, let 

4 = sup{s : C GU t k V t < s}. 

At time 4, there is a point x k E dC fl F t k , x k ^ x . Let P k be the tangent plane of 
F f k at Xfe. Assume P k — > P as /c — > oo. Making the translation (x, t) — > (x,t — i k ), 
we get a new sequence jF k . Obviously JF k is semi-noncollapsing. By Corollary 5.1, 
it converges locally smoothly to a convex limit flow T' . The smooth convergence 
implies that P is the tangent plane of Fq at 0, where Fq is the hypersurface of T' at 
time t = 0. The convexity implies the interior Uq of Fq lies on one side of P . But on 
the other hand, the ball M r (p 1 ) is tangent to P and M 2r (pi) is contained in Uq, we 
reach a contradiction. 

Therefore we have proved the following theorem. We point out that Corollary 5.1 
is sufficient for the treatment in the next section to rule out collapsing. 

Theorem 5.1. Let T k be a semi-noncollapsing blow-up sequence. Then it converges 
locally smoothly to a convex limit flow. In particular, {F/} = {dU' t } is a convex 
solution to the mean curvature flow. 

Remark 5.2. The arguments above also applies to a collapsing blow-up sequence F fc 
provided T k is locally separate. More precisely, let T k = {Ft}te[-fo) ^ e a blow-up 
sequence (here we restrict the time t to a fixed interval). Denote 

C R = {x = (x',x n+1 ) E R n+1 : \x'\<R} (5.6) 

a cylinder in R n+1 . Suppose for all t E [-T , 0], 

F t k nC R c{\x n+1 \<w- 3 }, 

and F k fl C R consists of two disconnected components, 

F k nc R = Gl U G* t , 

such that the projection of both G\ t and G\ t in the plane {x n+ \ = 0} covers the ball 
B^(0). Then G k t divides the ball M R+t (0) into two separate open sets (we choose the 
variable radius R + t such that the sets U k t and depend continuous on t. The 
continuous dependence is needed in the proof of Lemma 5.2). Let be one of the 
open sets which contains U k fl M R+t (0), and let U k t = U k UB^. The proof of Lemma 
4.1 implies that the limit of B^ is convex. To extend Lemma 5.2 to the current case, 
we define d ktP using the open set U k t (for p e G\ t fl B R+t (0), for other points on J rk , 
we define d k)P as in Lemma 5.2). Then the argument above implies that G\ t converges 
locally smoothly to a convex hypersurface. Similarly G\ t converges locally smoothly 
to a convex hypersurface. 
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6 Semi-noncollapsing 



In this section we prove that every blow-up sequence is semi-noncollapsing. The proof 
consists of two steps, in the first one we show that if every collapsing blow-up sequence 
is double sheeting, then there is no collapsing blow-up sequence (Lemma 6.2). In the 
second one we show that every collapsing blow-up sequence must be double sheeting 
(Lemma 6.4). 

First we introduce the notion of double sheeting. We say a blow-up sequence T k 
is double sheeting if for any R > 0, e > 0, there exists k R;£ > 1 such that for all 
k > k Rj£ , t G (-£ _1 , -e), 

F t k nC R = G f kUG g k, (6.1) 

where Gfk and G g k are graphs of functions f k = f k (x',t) and g k = g k (x',t), in the 
form 

Gfk = {x = (x',x n+1 ) : x n+1 = f k (x',t), \x'\ < R}, (6.2) 
G gk = {x = (x',x n+1 ) : x n+1 = g k (x',t), \x'\ < R}, 

such that 

U k nC R = {g k (x',t) < x n+1 < f k (x',t)}. 
Moreover, for any \x'\ < R, —e^ 1 <t< —a, and k > k R:£ , 

Y! i=Q {\D l x ,f\x\t)\ + \Di,g k (x',t)\} < e. (6.3) 
By the mean convexity of F k , f k is decreasing, and g k is increasing, in t. 

Let T k = {F k } be a blow-up sequence. For any x e U k (where U is the closure 
of U), denote 

rk,x,t = sup{p : x G M p (z) and M p (z) C U k for some z G U k }. (6.4) 

Recall that by our definition in §3, the origin in space-time is a point in T k . For any 
given r < 0, if there is a positive constant c such that 

r k ,o,r > c V k 

by Theorem 5.1, T k converges locally smoothly to a convex limit flow. If 

rk,o,r ^0 as k -> oo, 

let T k = V ak)Vk {T k ), where a k = l/r k ,o, T , Pk = (0,r), and V is the dilation in (3.1). 
By Theorem 5.1, T k converges locally smoothly to a convex limit flow T' = {F/} teR i. 
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Lemma 6.1. The limit flow T' is a pair of parallel planes, namely, F[ is a pair of 
parallel planes for all t G R 1 . 

Proof. By (6.4) and the smooth convergence of T k to T' , U' Q does not contain a ball 
M r (z) such that r > 1 and G M r (z). Hence U' Q cannot be a half space and Fq cannot 
be a (single) plane. 

If the limit flow T' is not a pair of parallel planes, then the mean curvature of T' 
is positive everywhere and it will pass through the origin in finite time. But on the 
other hand, since r < 0, by the parabolic dilation above, the origin is contained in U' t 
for all t > 0. This is a contradiction. □ 

Note that by Hamilton's maximum principle for tensors, the second fundamental 
form of a convex mean curvature flow has constant rank [12]. It implies the mean 
curvature is positive everywhere. 

Therefore if r k:0jT — > for some r < 0, then T k is a collapsing blow-up sequence, 
and for any given t < 0, U k does not contain a common ball for all large k (this 
property will be used in the argument below). Indeed, if U k (for some t < 0) contains 
a common ball for a subsequence k — > oo, by Theorem 5.1, T k converges locally 
smoothly to a convex limit flow T' . Suppose T' becomes extinct at V . By the 
smooth convergence T k — > T' and the convexity of J 7 ', it is not hard to show that 
T k fl M R (Q) becomes extinct before T' + e k with e k — > as k — > oo. 

Lemma 6.2. If every collapsing blow-up sequence is double sheeting, then collapsing 
blow-up sequence does not occur. 

Proof. Let T = {F t } t6 r 0i T) be a mean convex flow which develops first time singu- 
larity at time T. Let Ut = U H {t < T} (see notation in §3). Regard Ut as a domain 
in the space-time. For any small r > 0, and any given point p = (x ,t ) G dUx with 
t > \T, denote 

w p (r) = sup{p : x G M p (z) and B p (z) C U to - r 2}, 

w(r) = inf w p (r). 
p 

Since F t is smooth, closed, and mean convex for t < T, we have 

(i) w is continuous and non- decreasing in r; 

(ii) w(r) > for any r > 0; 

(iii) w(r) is attained at some point (x r ,t r ). 

If there is a collapsing blow-up sequence, we have 

lim r ^ ^ = 0. (6.5) 
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Thus there must be a sequence — * such that — > and 



3r { 

Suppose w{r-i) is attained at Pi = (xj,tj). By definition we have w Pi {r-i) = w(ri) 
and w Pi (3ri) > w(3rj). Hence 

Wv( r i) w v (3ri) 
pA ; < 2^-^ — -. (6.6) 

Ti 3ri 

Let jF fc = V r -i p.i^ 7 ) be the blow-up sequence of T at p,. Since Wpi ^ r ^ — > 0, 
r fc,o,r — > at t = — 1, where r^o.r is the number given in (6.4), relative to the blow-up 
sequence J rk . Hence T k is collapsing. Hence by assumption, T k is double sheeting. 
Suppose the two sheets are given by (6.2). Denote 

u k (x,t) = (f k -g k )(x,t), 
u k (x,t) =u k (x,t)/u k (0,-l), 

Then u k , together with its first and second derivatives, converges locally uniformly 
to in the parabolic cube Qr(0, —1), for any R > 1. Note that f k and g k satisfy the 
parabolic equation (2.2). Hence u k and u k satisfy a parabolic equation in Q_r(0, — 1) 
which converges as k — > oo locally uniformly to the heat equation. Since u k (-,t) is 
decreasing in t, the Harnack inequality 

sup u k < C inf u k (6.7) 

Qr(o,-i) Qb(o-i) 

holds, where the constant C is independent of both k and R, provided k is suffi- 
ciently large such that u k is well-defined in Q2_r(0, —1) and satisfies the double sheet- 
ing condition. Hence by the regularity of parabolic equation, u k converges locally 
smoothly to a function u which is nonincreasing in t, and satisfies the heat equation 
in W 1 x (— oo, — 1]. Applying the above Harnack inequality to u — inf R n u in Qr(0, — 1) 
and sending R — > oo, we concludes that u — inf u = 0, namely u = inf u in IR n . Hence 
■u fe converges locally smoothly to m(0, —1) = 1 in W 1 . On the other hand, by (6.6) we 
have w Pi {3ri) > \w Pi {ri). Hence 

u(0, -9) = hm u k (0, -9) > I lim u k (0, -1) = |, 

fe^oo Z fc— +oo / 

we reach a contradiction. □ 

The above proof is inspired by the proof of Theorem 9.2 in [21] (pages 688-690). 
Next we show that every collapsing blow-up sequence must be double sheeting. First 
we prove 
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Lemma 6.3. Let T k be a collapsing blow-up sequence. Then for any e > 0, there 
exists k e > 1 such that after a rotation of axes, 

F t k nC £ -iC{\x n+1 \<e} (6.8) 

for all t > —e~ l and k > k £ . 
Proof. For any m > 1, let 

tk,m = sup{r : r MiT > 1/m}, 

where r^o^ is given in (6.4). Then tk, m — > — oo. Translating T k forward in time by 
tk, m , such that (0,tfc )m ) becomes the origin in space-time, we get a blow-up sequence 
J 7 ^ such that {0} G M 1/m (z) C (U k n ) (the interior of at t = 0). By Theorem 5.1, 
converges locally smoothly to a convex limit flow J 7 ^. 

From the proof of Lemma 6.1, T' m is a pair of parallel planes, namely {F^) t is a 
pair of parallel planes for all t G M 1 . For if not, the flow T' m would pass through the 
origin in finite time. But on the other hand, we have t^ m — > — oo, which means the 
origin is contained in (U' m ) t for all t > 0. 

By a rotation of the axes, we assume the parallel planes is given by {x n+ i — c±} 
and {x n+ i = C2}, for some constants c±, C2 satisfying c\ < < ci and ci — c\ < 5/m. 
Hence for any given R, 

C R nF t k k m c {|x n+ i| < 10/m} 

provided k is sufficiently large. By the mean convexity, we have 

C fl nF*c{|a; n+1 |<10/m} Vi>4, m 

provided k is sufficiently large. We obtain (6.8) by choosing m = 10/e and R = e^ 1 . 
□ 

For any m > 1, is semi-noncollapsing. The above proof implies that F k is 
asymptotically double sheeting when t G (tk,m,tk,2m), for any sufficiently large m. 
Therefore in the following it suffices to consider the time t in the range > t > tfc,m- 

For any r < 0, let T k = V a ^ Pk {T k ), where a k = l/r fcj0)T , Pk = (0,r). By Lemma 
6.1, T k converges locally smoothly to a pair of parallel planes, given by {x n+ i — c±} 
and {x n+ i = c 2 }. Hence for any R > 0, when k is sufficiently large, F k PiCr consists 
of two separate parts, which are graphs of f k and g k , given by x n+ i = f k (x',t) and 
x n+1 = g k (x',t), and f k — > Ci, — > c 2 uniformly for x' G M R (0) and — _R 2 < t < 0. 
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Rescaling back we see that for any time t < 0, F k D C r is double sheeting locally 
for small r > 0, namely it consists of two separate parts Gfk and G g k, as given in 
(6.2). Denote 

V k , T , r = {x E U k : d , x [U k ]<r}, 

where 

d Xt y[U] = infjarclength of paths contained in U, connecting x to y}. (6.10) 

From the above discussion, for r > small, (dVk, T ,r) H F k consists of two separate 
components pL^ Tr and p krr . Let 

p k>T = sup{f : the two separate parts Tr and p krr 
keep separate for all r e (0, f)}. 

We point out that p krr and //r/ rr . are the graphs Gfk and G 9 fe when r is small, but 
may not be graph when r is large. Let y k;T be the point at which the two parts \x\ T pk 

and AV, Pfc , T meet- 
Lemma 6.4. 7/jF fc is a collapsing blow-up sequence, then it is double sheeting. 
Proof. We need to consider three different cases. 

Case 1: \y k , T \ — > oo for all r < 0. In this case, for any given R > 0, C R fl F t fe consists 
of two separate components for all t < r. By Remark 5.2 and Lemma 6.3, each of 
the two components converges locally smoothly to the plane {x n+ \ = 0}. Hence T k 
is double sheeting. 

Case 2: \yk,r\ —> a > for some r < 0. As in Case 1, Cr fl F k (for any R < a ) 
consists of two separate components which converges locally smoothly to the plane 
{x n+ i = 0}. Let £k,r be the shortest path contained in U k which connects to y k;T . 
Then by definition, the arclength of £ kjT is equal to p k:T . Since F k is smooth for all 
t < 0, there is a point y ktT G £ k ^ T such that 

r fc,y fe ,.,T = -^dy k , T ,yk,r[U k }. (6.11) 

Let J^ fc = V ahtPk {T k ), where a fc = l/r ktyk ^ T , p k = (y fcjT ,r). We get a new blow-up 
sequence which converges to a convex limit flow J- 1 with a nonempty interior. By 
(6.11), the mean curvature of F^ is strictly positive at the point D aktPk (y k ^ T ), i.e. 
H > C > 0. Scaling back, we see that the mean curvature of F k at y k>T is greater 
than Coa k — > oo. Hence 

^rPfc,t < -Ca fc -> -oo 
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as k — > oo. By Lemma 6.5 below, p kt < 4\yk,t\- Hence pk y t — > in very short time, 
which means the blow-up sequence T k passes through the origin in very short time, 
and so the origin G" Fq , we reach a contradiction. 

Case 3: If there exists a r < such that |yfc jT | — > 0, we make a parabolic dilation 
such that |yfc, r | = 1. The new blow-up sequence is still collapsing and so we are in the 
same situation as in Case 2, which implies the blow-up sequence T k passes through 
the origin immediately. □ 

By our choice of the point yk, T , there are at least n — \ vanishing principal curva- 
tures of Fq (the hypersurface at t — of the limit flow T' in Case 2) at the limit point 
of D ak!Pk (yk tT ) . Therefore by the constant rank of the second fundamental form of jF' 
[12], the limit flow T' is the product of W 1 ^ 1 with a convex solution to the curvature 
shortening flow. By (6.11), C is an absolute constant. 

Lemma 6.5. Let pk, T and y k , T be as above. If \yk, T \ is uniformly bounded, then we 
have p k;T < 4|y fcjT |. 

Proof. Let 4,t be the shortest path in U k connecting to y k ^ T . For a sequence of 
points Zk G £k, T , let r k = r k , Zk , T be given in (6.4) and let dk = d ZktVk T be the arelength 
of 4 jT from z k to y k>T . 

Let Zq = 0, we choose a sequence of points z m = z m ^ G 4,t f° r m — 1> 2, • • • such 
that the angle between £(<2 m ) and £(z m _i) is equal to |, and for any point z G 4,r 
between z m _i and z m , the angle between £(z) and £(z m _i) is less than or equal to |, 
where £(z) denote the tangent vector of 4,r- If there is no point z G 4,r such that 
the angle between £(z) and £(zo) > f , Lemma 6.5 is obvious. 

Claim: d ZmtZm+1 < \d Zm _ UZm uniformly in to, provided k is sufficiently large. 

Indeed, if there is a sequence of such that d Zm ktZm > \d Zm k)Zm _ 1 (recall 
that z m = z mj k), by a parabolic dilation, we may assume that d Zm ktZm _ lk — 1- If 
jF fc is collapsing after the parabolic dilation, then jF fe n B 1 / 8 (z mfci fc) consists of two 
separate components and both converges smoothly to a hyperplane (here Bi/g is 
the ball after the dilation). If T k is semi-noncollapsing after the parabolic dilation, 
by Theorem 5.1 it converges locally smoothly to a convex solution. In both case 
we reach a contradiction, as 4,t is the shortest path connecting z m -\ to z m +i but 
osCa e/j , m _ liXm+1 ^(z) > f , where £ Zm _ uZm+1 is the part of 4,r between z m _i and z m+1 . 

Hence we obtain 

= J2 m>1 d ^-u Z M < 2d Z0 , Zl [U k \. 
Note that for any R < \yk, T \, F k H Bi/ 8 (0) consists of two separate components, and 
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each converges smoothly to a hyperplane. Hence we have |yfc jT | > \d ZQ}Zl . □ 
We have thus proved that every blow-up sequence is semi-noncollapsing. 

Corollary 6.1. A limit flow cannot be a pair of parallel planes. Moreover, the grim 
reaper is not a limit flow. 

Proof. If a blow-up sequence T k converges to a multiplicity two plane, then T k 
is collapsing and must be double sheeting, which was ruled out in Lemma 6.2. If 
T k converges to a pair of parallel planes, we can choose a sequence a k — > such 
that T> ak fl( y J rk ) is a collapsing blow-up sequence. But any blow-up sequence is semi- 
noncollapsing, we also get a contradiction. 

If the grim reaper is a limit flow, then by a proper translation, there is a limit 
flow which is a pair of parallel planes. □ 

7 Proof of Theorems 1.1-1.3 

Theorem 1.1 follows from Theorem 5.1 and the semi-noncollapsing in §6. 

Proof of Theorem 1.2. If there is a sequence of points p k = (x k) t k ) such that 

r Xk! t k H(x k ,t k ) = <5 fc -> 0, (7.1) 

where r x>t is defined in (3.2), we consider the blow-up sequence T k = T^a k ,p k {J')i 
where a k = l/r Xkttk . By Theorem 5.1, T k converges locally smoothly to a convex 
limit flow T' . By (7.1), the mean curvature of Fq at is equal to 5 k . Hence the mean 
curvature of Fq vanishes at the origin, which implies F^ is a single hyperplane or a 
pair of parallel planes (by the constant rank of the second fundamental form). The 
former case is ruled out by our definition of r Xtt in (3.2), as it implies that the unit 
sphere is the largest tangent sphere of Fq at the origin. The latter case was ruled 
out in Corollary 6.1. Hence there is a 5 > such that r Xtt H(x,t) > 5 for all point 
(x,t)eF. □ 

Proof of Theorem 1.3. If Theorem 1.3 is not true, there is a sequence of normalized 
limit flows T' k such that r k — > 0, where as in (3.2), 

r k = sup{p : M p (z) C Uq and \z — x\ = p} 

is the radius of the largest ball which is contained in Uq and tangential to F^ at 0. 

Regard T lk as a hypersurface in the spacetime R n+1 x R 1 , then it is a graph of a 
function u k , 

X n +2 — Uk(Xl, • • • , X n+ i), 



19 



where x n+2 = —t, and Uk satisfies the equation 

z — 'm=i \Duy 

Since T' k is normalized, the mean curvature of F' k = {uk = 0} is equal to 1 at the 
origin, namely 

|D«*(0)| = 1. 

By Proposition 4.1 [20], is a convex function, and by Theorem 2.1 [20] (the version 
arXiv:math.DG/0404326), we have the estimate 

u k (x) < C(l + \x\ 2 ) 

for some constant C depending only on n. Hence Uk converges along a subsequence 
to a convex function u, whose level set is still a solution to the mean curvature flow. 

Since — > and T' k is convex, the volume of the convex sets {uk < 0} PI B#(0) 
converges to zero for any given R > 0, for otherwise T' k is MCF of graph with 
uniformly bounded gradient near the origin. Hence we have 

u(0) = 0, u > 0. 

Recall that \Duk{0) \ = 1 and Uk is convex, by a rotation of coordinates we assume that 
{x n+ 2 — Xx} is a supporting plane of Uk at 0, namely Uk(x) > x\ for any x G K n+1 . 
Hence we also have 

u{x) >xx V x G R n+1 . 

By Lemma 2.6 of [20], the set {u = 0} is either a single point, or a linear subspace of 
]R n+1 . 

In the latter case, we may choose the axes such that {u = 0} is the subspace 
spanned by the x^+i, ■ ■ ■ , x n+ i-axes. Then by convexity, u is independent of the vari- 
able Xk+i, ■ ■ ■ ,x n+ i, namely u(x) = u(x±, ■ ■ ■ ,Xk). By restricting u to the subspace 
M. spanned by the it reduces to the former case, namely the set 

{u = 0} is a single point. 

Since the level set F t := {u = —t} is a convex solution to the mean curvature 
flow, by Huisken [8], it converges to a round point. Hence we have u(x) = 0(\x\ 2 ), 
which is in contradiction with the estimate u(x) > x\. Hence has a positive lower 
bound. This completes the proof. □ 

Proof of Corollary 1.3. Assume to the contrary that (1.2) is not true, then there 
exists 5k — > 0, and two sequences of points pk and q^, where G Qn(pk), such 
that H(pk) = S^ 1 and H(qk) > 5^ 2 . Let T k = T> s -i Pk {F) be the normalized blow-up 
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sequence at pk- Then jF fe fiB 2 R(0) converges smoothly to a convex hypersurface. Hence 
Hjrk(qk) is uniformly bounded, where H-pk(qk) is the mean curvature of T k at qk = 
T> s -i (qk)- But by assumption we have H-pk(qk) > SZ 1 - We reach a contradiction, 

k ™ k 

as T k converges locally smoothly. 

Similarly one can prove the second inequality of (1.2). □ 

8 Tangent flow 

First we state the following result, which is due to Huisken [10], see also Ilmanen [15], 
and White [22]. 

Proposition 8.1. A tangent flow to a mean convex flow must be a shrinking cylinder, 
namely T' = S™ x M. n ~ m for 1 < m < n; or a hyperplane T' = M. n , where S™ (m > 1 ) 
denotes the shrinking sphere to the MCF in R m+1 . 

From Theorems 1.1 and 1.2, we also have the follow result, which means that the 
blow-up solution at a fixed first time singular point is a shrinking sphere or cylinder. 

Corollary 8.1. A tangent flow at a (first time) singular point cannot be a hyperplane. 

Proof. Let (x ,t ) be a first time singular point. For any r > small, let x T e F to _ T 
be the point closest to x . It suffices to prove that 

cir 1 ' 2 <r T < c 2 t 1 / 2 (8.1) 

where r T = dist(x , F to _ T ). 

For the first inequality, consider the normalized blow-up sequence T , 

which converges along a subsequence locally smoothly to a convex limit flow T' . By 
the K-noncollapsing and since T T is normalized blow-up sequence, there is a sphere of 
radius k, tangent to Fq at the origin, contained in U' . Hence the limit flow T' = {F(} 
does not develop singularity for t G (0,c ) (c = (^) 2 ), which is equivalent by the 
scaling (3.1) to that H(x T ,t — t)t x I 2 > c (here H is the mean curvature of T). 
Hence the velocity at x T of the MCF is greater than c r~ 1//2 , which implies that 
j^r T > c$T~ 1 / 2 . Hence the distance \x T — x \ > cqt 1 / 2 . We obtain the first inequality. 

To prove the second inequality, we consider the sphere <9B rT (:ro) at time t — T , at 
any given r. If r T > \/2nr, the above sphere evolving by the MCF will not shrink to 
the point x Q at time t Q , and so (x ,t ) cannot be a singular point of the MCF T . □ 
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